Abstract. Relating the Dirac operators on the total space and on the base manifold of a horizontally conformal submersion, we characterize Dirac morphisms, i.e. maps which pull back (local) harmonic spinor fields onto (local) harmonic spinor fields.
Introduction
Introduced by Jacobi [11] in 1848, harmonic morphisms are maps which pull back local harmonic functions onto harmonic functions and, more recently, they were characterized by Fuglede [7] and Ishihara [10] as horizontally weakly conformal harmonic maps. Their dual nature of analytical and geometrical objects has led to a rich theory (cf. [3] ) which has encouraged the study of various other morphisms, that is maps preserving germs of certain differential operators. The central role of the Dirac operator in differential geometry and mathematical physics called for this approach to be applied to harmonic spinors. Unlike previous cases, the first hurdle is to make sense of a notion of pull-back of spinors by a map. This requires the identification of the spinor bundles involved, necessarily restricting our investigation to horizontally conformal maps between Riemannian manifolds and even-dimensional targets (cf. Section 2). Combining a chain rule for the Dirac operator and a local existence lemma, we show that a horizontally conformal submersion between spin manifolds is a Dirac morphism if and only if its horizontal distribution is integrable and the mean curvature of the fibres is related to the dilation factor, in a manner reminiscent of the fundamental equation for harmonic morphisms. We conclude with some simple examples between Euclidean spaces and explicit our results in the set-up of [13] , which inspired initially our construction.
Pull-back of a spinor
Let (M m , g) be a spin Riemannian manifold, the two-sheeted covering Spin(m) A spinor field is a (smooth) section of SM, Ψ :
, where s x ∈ P Spin(m) M is a spinorial frame at x ∈ M and ψ : U −→ S m , the equivalence class being defined by
for all g ∈ Spin(m). The covariant derivative is
where χ(s) = {e 1 , ..., e m } is an orthonormal frame of T M, "·" is the Clifford multiplication and the symbols {Γ k ij } i,j,k=1,...,m are defined by ∇ e i e j = Γ k ij e k . The Dirac operator is the first-order differential operator defined by
The above constructions extend to any oriented Riemannian bundle and, as for orientation, given three vector bundles E ′ , E ′′ and E = E ′ ⊕ E ′′ over M, a choice of spin-structure on any two of them uniquely determines a spin structure on the third ( [12] ).
mannian manifolds is a horizontally conformal map if, at any point x ∈ M, dπ x maps the horizontal space H x = (ker dπ x ) ⊥ conformally onto T π(x) N, i.e. dπ x is surjective and there exists a number λ(x) = 0 such that
The function λ is the dilation of π and the orthogonal complement of H x is the vertical distribution V x = ker dπ x . The mean curvatures of the distributions H and V are denoted µ H and µ V and I H is the integrability tensor of H.
of T M will be called adapted if V a ∈ V, a = 1, . . . , m−n and {X * i } i=1,...,n is the horizontal lift by π of an orthonormal frame {X i } i=1,...,n on N. Note that λ ≡ 1 corresponds to Riemannian submersions. We call the map π :
For the remainder of the article, we will make the blanket assumption that the dimension n of the manifold N is even. Since a general submersion π : (M m , g) → (N n , h), between spin Riemannian manifolds, splits the tangent bundle T M into H ⊕ V, if H admits a spin structure, so does V and
The spin structures P Spin(n) H and P Spin(m−n) V induce a spin structure P Spin(m) M by prolongation of the principal bundle P Spin(n)×Spin(m−n) M (cf. [9] ). General properties of associated bundles of reduced principal bundles ([9, Theorem 3.1]) together with a dimension count yield the following isomorphisms of (associated) vector bundles
For any map π : M → N into a spin manifold, consider the pull-back spinor bundle
where ̟ S is the projection map of SN. If π is a Riemannian submersion, then the isomorphism π −1 SN = SH, due to the identification of orthonormal frames, simplifies (2) into (cf.
[5])
Remark 1. When π is a Riemannian submersion with totally geodesic fibres, H complete and N connected then the fibres are isometric to a Riemannian manifold F . If N and F are spin manifolds, consider on M the induced spin structure and, via the isomorphism
reads (see [13] )
Remark 2. Since n is even, the Clifford algebra Cl n possesses an irreducible complex module S n of complex dimension 2 n/2 , the complex spinor module. When restricted to Cl 0 n the spinor module decomposes into S n = S + n ⊕ S − n , the submodules of spinors of positive and negative chirality, characterized by the action of the volume element, once an orientation is given. In particular, the spin group Spin(n) ⊂ Cl 0 n acts on S + n and on S − n (the spinor representations). Moreover, S n+1 pulls back to S n under the algebra isomorphism Cl n = Cl 0 n+1 . In other words, we can regard S n+1 as the spinor representation of Cl n , provided we define the action of Cl n on S n+1 by v ⊗σ → e 0 ·v ·σ.
) is a Riemannian submersion with one-dimensional fibres into a spin manifold N n , the manifold M n+1 inherits a natural spin structure, cf [14] . Moreover,
These identifications justify the following definition.
be a Riemannian submersion between spin manifolds and endow the vertical bundle with the induced spin structure (if m = n + 1, we consider on M the natural spin structure inherited from N). Let Ψ = [s, ψ] be a (local) spinor field on N. Since a local spin frame s = {X i } i=1,...,n on N lifts to an adapted spin frame on M
where X * i is the horizontal lift of X i and {V a } a=1,...,m−n is an orthonormal frame of V, we define the pull-back Ψ of Ψ to be
identified with SM.
•
identified with SM, where α is a fixed (non-zero) section of SV.
Remark 3. When m − n ≥ 2, this notion of pull-back depends on the choice of the section α. In general, there exists no such non-vanishing global section.
Remark 4.
Note that Clifford multiplication with this kind of spinor fields is given by
when m = n + 1, and by
when m − n ≥ 2, where X * is the horizontal lift of the vector field X ∈ Γ(T N), V is a unit vertical vector field and ψ is the conjugate of ψ with respect to the Z 2 -graduation (see [13] ).
Remark 5. For a horizontally conformal submersion
, V a }, the bundle isometry induced by the Spin-equivariant map
given by the natural correspondence between adapted orthogonal frames with respect to the two metrics:
The Clifford multiplication will be given by 
Dirac morphisms with high dimensional fibres
Throughout this section π has fibres of dimension at least two.
µ H · α = 0, and if for any local harmonic spinor Ψ defined on U ⊆ N, such that π −1 (U) = ∅, the pull-back of Ψ (with respect
the pull-back (with respect to α) of Ψ by the associated Riemannian submersion.
Remark 6. We assume, in Definition 4, the existence of the section α in order to construct pull-backs of spinors. Though these pull-backs will depend on the choice of α (if any), the two conditions on α will make the notion of Dirac morphism independent of the choice of such a section α.
We first need some lemmas.
Lemma 1 (Chain rule). Let π : (M m , g) → (N n , h) be a horizontally conformal submersion of dilation λ (m − n ≥ 2) and ψ a (local) spinor field on N. If Ψ is the pull-back of Ψ by π, with respect to some section α ∈ Γ(SV), then
where
..,n is a local orthonormal horizontal frame on M and
vector-valued 2-forms on spinor fields).
Proof. Let π be a horizontally conformal submersion of dilation λ. Let
..,n be an orthonormal frame on (N, h) and
an orthonormal adapted frame on (M, g 1 ), where
is an orthonormal adapted frame. Denote by ∇ and ∇ 1 the (spinorial) connections corresponding to g and g 1 , and note
, for the pull-back spinor fieldψ
n,m−n i,a,b=1
Note that
The computation breaks down into five steps:
Step 1:
As
in order to recognize the lift of D N ψ, first observe that
, and
The last term can be rewritten
and, since grad
Summing up with (H 3 ), we obtain (5).
Step 2:
Step 3:
Step 4:
As for Step 2, we have
where the terms i = j give µ H .
Step 5:
Summing up these five steps yields the chain rule.
A generalization of [1, Proposition 2.4] to vector-valued functions yields local existence of harmonic spinors with prescribed value.
Lemma 2 (Local existence). For any point p ∈ M and ψ 0 ∈ S p M, there exists an open neighbourhood U of p and a harmonic spinor ψ : U → SM such that ψ(p) = ψ 0 .
Theorem 1 (Characterization for horizontally conformal submersions).
Let π : (M, g) −→ (N, h) be a horizontally conformal submersion between spin manifolds and assume there exists a section α satisfying the conditions of Definition 4. Then π is a Dirac morphism if and only if its horizontal distribution is integrable and
where µ V is the mean curvature of the fibres.
Proof. Let π be a horizontally conformal submersion with integrable horizontal distribution and such that (10) is satisfied. In this case, the Chain rule (4) simplifies to
Let ψ be a local harmonic spinor and α a section of Γ(SV), ∇ V -parallel in horizontal directions and with
From the above formula, it follows that D M ψ = 0 and therefore π is a Dirac morphism.
Conversely, suppose that π is a Dirac morphism. Then, by Definition 4, there exists a horizontally parallel section α ∈ Γ(SV) satisfying
µ H · α = 0, and, for a harmonic spinor field ψ on N, we have,
As the value of ψ at p ∈ M can be prescribed, the above equation implies
necessarily X = 0 and V ij = 0. Therefore, if a horizontally conformal submersion is Dirac morphism, it must satisfy Equation (10) and have integrable horizontal distribution.
Remark 7.
(1) Note the analogy between Equation (10) and the fundamental equation for harmonic morphisms in [3] . (3) If the fibres are totally geodesic, the integrability of the horizontal distribution makes the section α "basic transversally harmonic", as introduced in [8] .
tween spin manifolds is a Dirac morphism if and only if its fibres are minimal and its horizontal distribution is integrable.
Recall that if π is a Riemannian submersion then µ H = 0.
Remark 8. If the dilation function λ is a projectable function (i.e. V (λ) = 0), the conformal invariance of the Dirac operator ( [12] ) allows a correspondence between harmonic spinors of the spaces involved in the commutative diagram below.
Dirac morphisms with one-dimensional fibres
In this section m = n + 1.
) between spin manifolds is called a Dirac morphism if for any local harmonic spinor Ψ defined on U ⊂ N, such that π −1 (U) = ∅, the
is the pullback of Ψ by the associated Riemannian submersion.
) be a horizontally conformal submersion of dilation λ and ψ a (local) spinor field on N, then
Proof. Take {X i } i=1,...,n an orthonormal frame on (N n , h) and {V,
..,n an adapted frame on (M m , g). Let Ψ be a (local) spinor field on N and Ψ its pullback by π. The proof is similar to the proof of Lemma 1, except that (H 0 ) = E i · E i (ψ • π), (V 0 ) = 0 and the terms (H 3 ), (V 3 ) do not appear.
) between spin manifolds is a Dirac morphism if and only if its horizontal distribution is integrable and minimal, and
Proof. The argument is similar to the one of Theorem 1, except that
Observe that X = 0 if and only if µ V + (n − 1)grad H (ln λ) = 0 and µ H = 0, as they belong to orthogonal distributions.
) between spin manifolds is a Dirac morphism if and only if its horizontal distribution is integrable and the fibres are minimal.
Remark 9.
Suppose that π is a Riemannian submersion.
(1) The Chain Rule (12) gives us the formula of [14] (where the fibres are minimal)
where A denotes the second O'Neill tensor of π. 
Examples
Example 1 (Dirac morphisms from 3 to 2-dimensional Euclidean spaces). With respect to the irreducible representation γ of Cl 2 given by Pauli matrices, a spinor field on (R 2 , , standard ) will be ψ : 
Consider a Riemannian submersion π : R 3 −→ R 2 , the pull-back of 
Let ψ be an arbitrary harmonic spinor on R 2 (so ψ + a holomorphic function), then ψ + is also harmonic if and only if
The analogous question for ψ − involves a change of sign in the first two equalities (i.e. π must be anti-holomorphic with respect to x 1 + ix 2 ). These conditions are exactly the harmonicity of π, which is equivalent to the minimality of the fibres. Therefore a projectable spinor field is the pull-back of some spinor field on the base, with respect to α satisfying the two conditions required for Dirac morphisms. Hence, Theorem 1 says that a principal bundle over a spin manifold with commutative structural group is a Dirac morphism if and only if it is flat.
